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Abstract. Let G be a reductive group and Xh be a Luna stratum on the quotient space 
V//G of a rational G-module V. We consider torsors over Xh with both non-commutative 
and commutative structure groups. It allows us to describe the divisor class group and the 
Cox ring of a Luna stratum under mild assumptions. This approach gives a simple cause 
why many Luna strata are singular along their boundary. 



Introduction 

Consider a reductive group G and a rational finite-dimensional G-module V over an al- 
gebraically closed field K of characteristic zero. The inclusion of the algebra of invariants 
K(V] G in the polynomial algebra K[V] gives rise to the quotient morphism it: V — > V//G : = 
Spec K[V] G . In |8j, D. Luna introduced a stratification of the quotient space X : = V//G 
by smooth locally closed subvarieties. Every stratum is defined by the conjugacy class of 
the isotropy group H of a closed G-orbit in the fibre of tt. With any such subgroup H 
one associates the group W = N G (H)/H. Then the stratum X H comes with a VT-torsor 
7r: — > Xh, where V^ H ' is an open subset in the subspace V H of if-fixed vectors. 

The aim of this work is to use this observation to describe the Cox rings of Luna strata and 
to apply them to the study of geometric properties of the strata and their closures. It is well 
known that a smooth variety Y with a finitely generated divisor class group C\{Y) admits 
a canonical presentation as a geometric quotient of a quasiaffine variety by an action of a 
quasitorus Q. This presentation also is known as a universal torsor over Y. The quasiaffine 
variety mentioned above is the relative spectrum of the so-called Cox sheaf on Y and Q is a 
direct product of a torus and a finite abelian group such that the group of characters X(Q) 
is identified with C1(Y). 

The Ir^-torsor over a stratum Xh is not a good candidate for a universal torsor, because 
the group W in general is not commutative. A naive idea is to consider the commutant 
S = [W, W] , the factor group Q = WJ S, and to decompose the W-torsor into two steps, 
namely 

^ »X H 





V (H)/ S 
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Note that the groups H, W, S, and Q are reductive. In Theorem [2] we show that this indeed 
gives a universal Q-torsor V^ H '/S — > Xh under some "codimension two" assumption on the 
stratum. In particular, the divisor class group of X H is isomorphic to X(Q). 

It turns out that in many cases a Luna stratum is singular along its boundary, i.e. the stra- 
tum coincides with the smooth locus of its closure in X, see [151 Theorem 8.1], Theorem 7] 
and [6], Theorem 1.2]. In [6J, J. Kuttler and Z. Reichstein use this property to prove that quite 
often the Luna stratification is intrinsic. The latter means that every automorphism of X 
as of an abstract afline variety preserves the stratification possibly permuting the strata. In 
our terms the reason for Xh to be singular along its boundary may be formulated as follows. 
Since the canonical quotient presentation of the normalization Norm(X^) of the closure of 
the stratum is given in Theorem [2] by the quotient morphism p: V H // S — > V H //W with the 
acting group Q, it is natural to expect that V^/S is the preimage of the principal Luna 
stratum in V H //W for the Q- variety V H //S. Thus the fibre of p over a point x G V //W is 
a free Q-orbit if and only if x is in X^, and this looks like a characterization of smooth points 
on V H l/W . We realize this approach in Theorem [3] under the assumption that the group W 
is commutative. 

The text is organized as follows. In Sections [TJ and |5] we recall basic facts on the Luna 
stratification and on Cox rings respectively. The class of admissible Luna strata which we 
are going to deal with in the theorems is defined and discussed in Section [3j In particular, 
we prove in Proposition [1] that if H is the isotropy group of a point with a closed G-orbit 
in a module V, then the Luna stratum corresponding to H and to the G-module V® k with 
k > 2 is admissible. The idea to obtain strata with good properties by replacing a module V 
by V® k is taken from [BJ. In Section H] we formulate the main result (Theorem [2]) and obtain 
some corollaries. The proof of Theorem [2] is given in Section Finally, Section [BJ is devoted 
to examples. 

1. The Luna stratification 

In this section we recall basic facts on the Luna stratification obtained in [S], see also [HI 
Section 6] and [JB]. Let G be a reductive afline algebraic group over an algebraically closed 
field IK of characteristic zero and V be a rational finite-dimensional G-module. Denote by 
K[V] the algebra of polynomial functions on V and by 1K[V] G the subalgebra of G-invariants. 
Let V//G be the spectrum of the algebra K[V] G . The inclusion KjV] C K[V] gives rise 
to a morphism n: V — > V//G called the quotient morphism for the G-module V. It is well 
known that the morphism 7r is a categorical quotient for the action of the group G on V in 
the category of algebraic varieties, see [HI 4.6]. In particular, tt is surjective. 

The afline variety X := V//G is irreducible and normal. It is smooth if and only if the point 
7r(0) is smooth on X. In the latter case X is an afline space. Every fibre of the morphism 7r 
contains a unique closed G-orbit. For any closed G-invariant subset A C V its image ir(A) is 
closed in X. These and other properties of the quotient morphism may be found in [L"H 4.6]. 

By Matsushima's criterion, if an orbit G • v is closed in V, then the isotropy group Stab(w) 
is reductive, see [TT], [12], or [14] 4.7]. Moreover, there exists a finite collection {Hi, . . . , H r } 
of reductive subgroups in G such that if an orbit G-v is closed in V, then Stab(w) is conjugate 
to one of these subgroups. This implies that every fibre of the morphism ir contains a point 
whose isotropy group coincides with some 
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For every isotropy group if of a closed G-orbit in V the subset 

Vh '■— {w G V ; there exists v & V such that G-wDG-v = G- v and Stab(i>) = H} 

is G-invariant and locally closed in V. The image Xh '■= tt(Vh) turns out to be a smooth 
locally closed subset of X. In particular, Xjj is a smooth quasiaffine variety. 

By stratification of a variety X we mean a decomposition of X into disjoint union of smooth 
locally closed subsets. 

Definition 1. The stratification 

r 

X = [J Xfli 

i=l 

is called the Luna stratification of the quotient space X. 

There is a unique open dense stratum called the principal stratum of X. A stratum Xjj. is 
contained in the closure of a stratum Xh, if and only if the subgroup Hi contains a subgroup 
conjugate to Hj. This induces a partial ordering of the set of strata compatible with the 
(reverse) ordering on the set of conjugacy classes. 

Consider the subsets 

V H = {v G V; H -v = v} and V {H) = {v G V ; Stab(u) = tfandG • v = G~v}. 

Then is an open subset of V H . Moreover, the restriction of the morphism tc to V H maps 
V^ H ' to X H surjectively. 

Let Ng{H) be the normalizer of the subgroup H in G. Since H is reductive, the subgroup 
Nq{H) is reductive and the connected component Ng(H)° is the product of H° and Ca(H)°, 
where Cg{H)° is the connected component of the centralizer Cg{H) of H in G, see [HH 
Lemma 1.1]. The group Nq(H) preserves the subspace V H . Moreover, the kernel of the 
iVc^i? )-action on V H is H, and we get an effective action of the (reductive) group W : = 
Nq{H)/H on V H . By [9], for any point v G V H the orbit G-v is closed in V if and only if the 
orbit W • v is closed in V H . In particular, is the union of closed free W-orbits in V H . 

The following definition first appeared in [13] plays an important role in Invariant Theory. 

Definition 2. An action of a reductive group F on an affine variety Z is stable if there exists 
an open dense subset (JCZ such that the orbit F ■ z is closed in Z for any z G U . 

Equivalently, an F-action on Z is stable if the general fibre of the quotient morphism 
7r: Z — > Z//F := Spec K[Z] F is an F-orbit, i.e. there is an open dense subset U' C ZjjF 
such that 7r~ 1 ('u) is an F-orbit for any u G U' . 

ova.ce is open in V H , the action of W on V H is stable. This action enjoys an additional 
nice property, namely, the isotropy group of the general point in V H is trivial. 

Summarizing, we observe that the restriction of the quotient morphism tt to defines 
a W-torsor vr: V {H) ->■ X H . 

Restricting the algebra of invariants K[\^] G to the subspace V H , we get a subalgebra 
Res,tf(K[-l/] G ) in K[V H ] W . The closure 1Q may be identified with Spec Res H (K[\/] G ). By [9], 
the morphism 

ir H : V H //W -> X^ 

given by the inclusion Res#(IK[V] G ') C Kf^^] 1 ^ is the normalization morphism. For the 
principal stratum, the restriction Res# is injective, the closure Xh = X is normal, and we 
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get an isomorphism K[V] G — > K[V H ] W . Several results on normality of the closures of Luna 
strata and on strata of codimension one may be found in [16] and |17j . 

2. COX RINGS AND CHARACTERISTIC SPACES 

Let X be a normal algebraic variety with finitely generated divisor class group C1(X). 
Assume that any regular invertible function / G K[X] X is constant. Roughly speaking, the 
Cox ring of X may be defined as 

R(X) : = T(X,O x (D)). 

Deci(x) 

In order to obtain a multiplicative structure on R{X) some technical work is needed, especially 
when the group C1(X) has torsion. We refer for details to [H Section 4] and [5J. In a similar 
way one defines the Cox sheaf TZ, which is a sheaf of Cl(X)-graded algebras on X. The Cox 
ring R(X) is the ring of global sections of the sheaf TZ. Assume that this sheaf is locally of 
finite type. Then the relative spectrum X := Spec x (7?.) is a quasiaffme variety. 

By definition, a quasitorus^ is a commutative reductive algebraic group. It is not difficult 
to check that any quasitorus is a direct product of a torus and a finite abelian group. Since 
TZ is a sheaf of Cl(X)-graded algebras, the variety X comes with an action of a quasitorus 
Qx whose group of characters X(Qx) is identified with C1(X). 

Now we need a notion from Geometric Invariant Theory. Let G be a reductive group and 
Z be a normal G- variety. An invariant morphism ir : Z — > X is a good quotient, if 7r is affine 
and the pullback map it* : Ox — > 0% is an isomorphism. An example of a good quotient is 
the quotient morphism tt: V — > V//G discussed in Section [TJ Moreover, for any open subset 
U C V//G the restriction n: 7r _1 ({7) — >■ U is a good quotient as well. 

It turns out that the Qx-action on X admits a good quotient px '■ X — > X. This morphism 
is called the characteristic space over X. If the variety X is smooth, then the Qx-action on 
X is free, and the map px '■ X — > X is a Qx-torsor. Moreover, this is a universal torsor over 
X in the sense of |18j . 

The following definition appeared in [TJ Definition 6.4.1], see also [5, Definition 1.37]. 

Definition 3. An action of a reductive group F on an affine variety Z is said to be strongly 
stable if there exists an open dense invariant subset f/CZ such that 

1. the complement Z \ U is of codimension at least two in Z; 

2. the group F acts freely on U ; 

3. for every z G U the orbit F ■ z is closed in Z. 

One may check that the Qx-action on X defined above is strongly stable with U being the 
preimage p^ 1 (A reg ) of the smooth locus of X. 

Definition 4. A normal variety Y equipped with an action of a quasitorus Q is called Q- 
factorial if any Q-invariant Weil divisor on Y is principal. 

Again the characteristic space A is a Qx-factorial variety, see [U Lemma 5.3.6] and [3J 
Theorem 1.14]. 



Also called a diagonalizable group. 
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The following theorem given in [TJ Theorem 6.4.3] and [5J Theorem 1.40] shows that strong 
stability and Q-factoriality define exactly the class of characteristic spaces. This result is our 
main tool in the proof of Theorem [2J 

Theorem 1. Let a quasitorus Q act on a normal quasiaffine variety X with a good quotient 
p: X — > X. Assume that "K[X] X = IK X holds, X is Q-factorial and the Q-action is strongly 
stable. Then there is a commutative diagram 



X ft ,X 




X 



where the quotient space X is a normal variety with IK[X] X = K x , we have C1(X) = X(Q) ; 
the morphism px'- X — )■ X is a characteristic space over X , and the isomorphism fi: X — > X 
is equivariant with respect to actions of Q = Qx ■ 

3. Admissible Luna strata 

Let us fix settings and notation for the remaining part of the text. Let G be a reductive 
group, V be a rational finite-dimensional G-module, 7r: V — » V//G := Spec K[V] G be the 
quotient morphism with the quotient space X := V//G, and H be an isotropy group of a 
closed G-orbit in V. Define the group W = Ng(H)/H, its commutant S := [W, W] and the 
factor group Q := W/S. Recall that the groups W and S are reductive. Moreover, S is 
semisimple provided W is connected. Being reductive and commutative, the group Q is a 
quasitorus. 

We adapt Definition [3] to the situation we are dealing with. 

Definition 5. A triple (G, V, H) is admissible, if the action of the group W on V H is strongly 
stable. An admissible stratum is the Luna stratum Xh corresponding to an admissible triple 
(G,V,H). 

Remark 1. A triple (G,V,H) is admissible if and only if the complement of in V H 
has codimension at least two. Indeed, we know from Section [T] that the action of W on V^ H < 
is free, all VT-orbits on V^ H ' are closed in V H and the subset is characterized by these 
properties. In other words, the subset V^ H > is the preimage of the principal Luna stratum in 
the W- module V H . This shows that in order to check admissibility it suffices to work with 
principal strata. 

Since Xh = n(V H ), the complement of an admissible stratum in its closure has codimension 
at least two. In this case the algebra of regular functions coincides with K[Norm(X#)], 

and the latter algebra is isomorphic to K[F /f ] w ', see Section [TJ In particular, K[Xf/] x = K x 
holds for any admissible stratum. 

Following [6] we say that a Luna stratum Xh is singular along its boundary if the singular 
locus of the closure Xh is precisely the complement Xh\Xh- This property is known for the 
principal stratum on the quotient variety of the space of representations of a quiver except for 
some low dimensional anomalies [TJ Theorem 7]. Moreover, there are many modules where 
every Luna stratum is singular along its boundary, see p3 Theorem 1.2]. In particular, this is 
the case for the module V® r , where V is any rational G-module and r > 2dim(V), or where 
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V is the adjoint module and r > 3. If the closure of a Luna stratum is normal, then "singular 
along its boundary" implies that the boundary has codimension at least two. This implication 
always holds for the principal stratum. If we know additionally that the morphism tt : V — > X 
does not contract invariant divisors @, then the principal stratum singular along its boundary 
is admissible. 

The following proposition provides us with a wide class of admissible strata. 

Proposition 1. Let V be a rational G-module and H be an isotropy group of a closed G-orbit 
in V . For any positive integer k consider the module V® k = V © • • • © V (k times) with the 
diagonal G-action. Then the subgroup H is an isotropy group of a closed G-orbit in V® k and 
for k > 2 the triple (G, V® k , H) is admissible. 

Proof. Since H is an isotropy group of a closed G-orbit in V, there is a point v G V such that 
the orbit G ■ v is closed and the isotropy group Stab(t> ) coincides with H. The G-orbit of the 
point (v, . . . ,v) G V® is contained in the diagonal AV C V® k . Since AV = V, this orbit is 
closed in AV and thus in V® k . This proves that H is an isotropy group of a closed G-orbit 
in V® k . 

Consider the diagonal action of W on [V® k ) H = (V H )® k with k > 2. We claim that if at 
least one component V{ of a point v = (v\, . . . ,Vk) is contained in V^ H \ then v is contained 
in (y® k ) ( ~ H ' } . Indeed, assume that Vi G V^ H '. Then the P^-isotropy group of t>i, and thus of 
v, is trivial. The orbit W ■ v is contained in a closed subset (W ■ v%) x If this 

orbit is not closed, its closure contains a VF-orbit of smaller dimension. On the other hand, 
any point in (W ■ V\) x (\Z H )©( fc_1 ) has the trivial isotropy group. 

We conclude that the complement of {V® k )^ in (V® k ) H is contained in the set of points 
(t>i, . . . where every Vi is not in V^ H > . Clearly, the latter set has codimension at least 
two in (V H )® k . □ 

Finally let us consider the case when the group G is finite. By Remark [T] it suffices 
to know when the principal stratum is admissible. Recall that a linear operator is called 
pseudoreflection if it has a finite order and its subspace of fixed vectors is a hyperplane. 

Proposition 2. Let G be a finite group and V be a G-module. Then the principal Luna 
stratum in X is admissible if and only if the image of G in GL(V) does not contain pseu- 
doreflections . 

Proof. Any G-orbit in V is closed, so the principal stratum is admissible if and only if the 
set of points in V with non-trivial isotropy groups has codimension at least two. This means 
that for every g G G, g ^ e, its subspace of fixed vectors has codimension at least two, or, 
equivalently, g is not a pseudoreflection. □ 

4. The Cox ring of an admissible stratum 

We preserve the settings of the previous section. The quasitorus Q acts on the quotient 
space V H // S and this action defines an X(Q)-grading on the algebra K[V H ] 5 . 



This is the case if G is semisimplc. 
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Theorem 2. Let G be a reductive group, V be a rational finite- dimensional G-module, and 
H be an isotropy group of a closed G-orbit in V. Assume that the stratum X H is admissible. 
Then the Q-quotient morphism 

p: V H //S — >■ V H //W NormpQ 

is a characteristic space over the normalization Norm(X^). Moreover, if q: V H — > V H // S is 
the S -quotient morphism and Y := q(V( H '), then the restriction of p to Y defines a Q-torsor 

p : Y — > X H , 

which is a universal torsor over Xjj. In particular, the divisor class group C\(Xh) may be 
identified with X(Q) ; and the Cox ring R(Xh) is isomorphic to ~K[V H ] S as an X(Q)-graded 
ring. 

Corollary 1. The Cox ring of an admissible Luna stratum is finitely generated. 

Proof. Since the group S is reductive, the algebra of invariants K[V H ] 5 is finitely generated. 

□ 

Corollary 2. If a Luna stratum Xh is admissible and the group W is connected, then the 
group C1(Xh) is free and the Cox ring R(Xjj) is factorial. 

Proof. Since the group W is connected and reductive, the factor group Q is a torus, and the 
group X(Q) = G1(Xh) is a lattice. Moreover, the commutant S is semisimple and the algebra 
of invariants K[V H ] S = R{X H ) is factorial, see [H Theorem 3.17]. □ 

Remark 2. In more general settings, the Cox ring of a variety with a free divisor class group 
is a unique factorization domain, see. e.g. [5] Theorem 1.14]. 

Corollary 3. Let (G, V, H) be an admissible triple. Then the divisor class group of the variety 
Norm(X^) is isomorphic to X(Q), while the Picard group o/ Norm(X#) is trivial. 

Proof. The first statement follows directly from Theorem [2J For the second one we note that 
the origin in V H is a W-fixed point which projects to a Q-fixed point on V H //S. Since for 
the characteristic space p: V H //S — > Norm(X^) we have a Q-fixed point above, it follows 
from [5, Corollary 1.36] that the Picard group of NormpTff) is trivial. □ 

The following theorem shows that many admissible strata are singular along their boundary. 

Theorem 3. Let G be a reductive group, V be a rational finite- dimensional G-module, and 
H be an isotropy group of a closed G-orbit in V . Assume that the stratum Xh is admissible 
and the group W is commutative. Then the stratum Xh is singular along its boundary. 

Proof. Under our assumptions the group S is trivial and so Q coincides with W. By 
Theorem 121 the quotient morphism p: V H — > V //W is the characteristic space over 
V H f/W — Normpffl-). Since the variety V is smooth, a point x £ Norm(Xff) is smooth if 
and only if the fibre p^{x) consists of a unique free VF-orbit, see [U Proposition 4.12]. This 
shows that the preimage of the smooth locus in Norm(X^) coincides with and so the 
smooth locus of Norm(X^) is Xh- This implies that the smooth locus of Xh is Xh too. □ 
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Finally let us specialize Theorem [2] to the case when the group G is a torus T. Any rational 
T-module V admits the weight decomposition 

V= V(X), where V(X) = {v e V ; t ■ v = X(t)v}. 

AeX(T) 

The multiplicity of a weight A in V is defined as dim V(A). 

Proposition 3. Let V be a rational T-module such that every weight in V has multiplicity 
at least two. Then every Luna stratum Xh is admissible, the divisor class group of Xh is a 
subgroup of the lattice X(T) and the Cox ring R{Xh) is polynomial. 

Proof. For any subgroup H in T which is an isotropy group of a closed G-orbit in V the 
group W is just T/H. Thus it is commutative, S = {e}, and Q = W. Since V H = © V(A) 
with X\h = 1, the multiplicity of any weight of the torus W in V H is at least two. To 
get admissibility, it suffices to show that an effective stable linear PF-action satisfying this 
condition is strongly stable. For any vector v G V define its weight system as the set of 
A's such that the component of v in V(A) is non-zero. Then the isotropy group of v in W 
is trivial if and only if the weight system generates the lattice X(W). Moreover, the orbit 
W ■ v is closed in V if and only if the convex hull of the weight system contains zero in its 
relative interior. By assumptions these properties are fulfilled if all weight components of v 
are non-zero. As all weight multiplicities are at least two, the codimension of the complement 
of in V H is at least two as well, and the stratum Xh is admissible. Further, 

Clpfff) X(Q) = X(W) = X(T/H), 

and H(T/H) is a subgroup of X(T). Finally, 

R{X H ) S K[V H } S = K[V H ] 

is a polynomial algebra. □ 

Remark 3. More generally, every Luna stratum as in Theorem E] is a toric variety, so its 
Cox ring is polynomial |3j. The rays of the polyhedral cone defining the affine toric variety 
V //W are obtained via Gale duality from the weights of the quasitorus W on V , see [U 
Chapter II, 2.1], while the stratum Xh may be recovered as the smooth locus of V H //W. 

Corollary 4. Under the assumptions of Proposition^ every Luna stratum in V//T is sin- 
gular along its boundary. In particular, the Luna stratification in V//T is intrinsic. 

Proof. The first statement follows from Theorem |3] and Proposition |3j For the second one, 
see [6] Lemma 3.1]. □ 

5. Proof of Theorem [2] 

We get the result by checking all the conditions of Theorem [U 

Proposition 4. Let (G, V, H) be an admissible triple. Then the action of the quasitorus Q 
on V H l/S is strongly stable. 

Proof. We begin with the following general observation. 



TORSORS OVER LUNA STRATA 







Lemma 1. Let F be a reductive group, S = [F,F] be its commutant and Q be the factor 
group F/S. If an action of the group F on an irreducible affine variety Z is strongly stable, 
then the induced action of Q on Z//S is strongly stable as well. 

Proof. Let U be an open subset of Z as in Definition [3j Then the group S acts on U freely 
and all S'-orbits on U are closed in Z. Let q: Z — > Z//S be the quotient morphism and 
Y = q{U). Then Y is open in Z//S, U = q~ l {Y) and since q is surjective, the complement 
of Y in Z//S has codimension at least two. Moreover, for any z G U the image q(F ■ z) is 
a closed Q-orbit of the point q(z) with trivial isotropy group. This proves that the group Q 
acts on Y freely and all Q-orbits on Y are closed in Zjj S. □ 

Let us return to the proof of the proposition. By definition of an addmisible triple the 
action of the group W on V H is strongly stable, and Lemma Q] implies that the induced 
action of Q on V H // S is strongly stable as well. □ 

Proposition 5. Let (G,V,H) be an admissible triple. Then the Q-variety V H //S is Q- 
factorial. 

Proof. Take any Q-invariant Weil divisor D on V H //S. Without loss of generality we may 
assume that D is effective. The preimage q*{D) of D under the quotient morphism q: V H — > 
V H //S is a jy-invariant divisor on V H . Since V H is an affine space, any such divisor is a 
principal divisor of some regular ly-semiinvariant function. Such a function is 5*-invariant, 
thus it may be considered as a regular function on V H // S having D as its principal divisor. □ 

Since K[Norm(X^)] x = K[V H //W] x = K x , we get the first statement of Theorem [2] from 
Theorem [TJ The second one follows from the fact that the complement of Xh in Norm(X^) 
has codimension at least two and [TJ Lemma 5.1.2]. The proof of Theorem [2] is completed. 

6. Examples 

In this section we consider several examples. They illustrate Theorem |2] and show that the 
condition for a stratum to be admissible is essential. 

Example 1. Let G = SL(2) and V be the tangent algebra of G considered as adjoint G- 
module. This module has conjugacy classes of subgroups which are isotropy groups of closed 
G-orbits, namely the maximal torus T and the group SL(2) itself. Since V T is an affine line 
and the complement of V^ T ' in V T is a point, the triple (SL(2), V, T) is not admissible. In 
this case the quotient space X := V//G is an affine line A 1 , and the stratum X? coincides 
with A 1 \ {0}. The group W = N G (T)/T has order two, so S = {e} and Q = W. The divisor 
class group C^A 1 \ {0}) is trivial, thus does not coincide with X(Q), while KfA 1 \ {0}] x ^ K x 
and the Cox ring of Xj- is not defined. 

Further, the principal stratum for V © V corresponds to H = {±E}. One easily checks 
that it is also not admissible. In this case W = PSL(2) = S, Q is trivial, and 

(V © V) H //S ={V® V)//G = A 3 , 

so all conclusions of Theorem |2] hold. 

Example 2. Let us take an arbitrary connected semisimple group G and the adjoint G- 
module V. The principal stratum for V corresponds to H = T, where T is a maximal torus 
in G, and V H is a Cartan subalgebra. In this case W is the (finite) Weyl group associated 
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with the group G and Q is its maximal commutative factor. The principal stratum is not 
admissible, but starting from k = 2 the stratum for V® k associated with H = T is admissible. 
Its divisor class group does not depend on k and is isomorphic to X(Q) = Q. In order to 
describe the Cox ring one should calculate the algebra of invariants of the diagonal action of 
the group S = [W, W] on the direct sum of Cartan subalgebras. It is important to note that 
by [T5| Theorem 8.1] the principal stratum for V® is singular along its boundary for any 
k > 2 provided G has no simple factors of rank 1. 

Example 3. Take G = SL(n) and V = K n © (K n )*, where K n is the tautological SL(n)- 
module and (K n )* is its dual. The principal stratum for V corresponds to H = SL(n — 1), and 
W = Q is a one- dimensional torus. Since V//G = A 1 , the principal stratum is not admissible. 
But starting from k = 2 the subgroup H defines an admissible statum for V® k whose divisor 
class group is isomorphic to Z. By Theorem [31 this stratum is singular along its boundary. 

Let us show that the Cox ring of an admissible Luna stratum is not always factorial, 
cf. Corollary [2J The example below is taken from [21 Section 3], where the Cox ring of the 
quotient space of an arbitrary finite linear group is described. 

Example 4. Let V = K 2 and G be the quaternion group 

where i 2 = —1. By Proposition [21 the principal Luna stratum in X corresponding to H = {e} 
is admissible. As S = [Qa,Qa] = {±E}, the Cox ring of the principal stratum K[V] 5 is the 
ring of functions on the two-dimensional quadratic cone. This ring is not factorial. 

Note that Example [2] also leads to non-factorial Cox rings. Say, this is already the case for 
G = SL(3) and k = 2. But the description of the Cox ring here is more complicated. 
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